Kinematics of rigid bodies

relations between time and the positions, velocities, and accelerations of the
particles forming a rigid body.

(1)

Curvilinear translation

Rectilinear translation — parallel
straight paths

(2)

Parallel circles concentric circles

Curvilinear translation rotation
Rotation about a fixed axis  R-Ganesh Narayanan, IIT@2|gne motion




(4)

Sliding rod

Rolling wheel

General Plane motion — neither
rotation nor translation

(5) Motion about a fixed point
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(1) Translation

Consider rigid body 1n translation:

direction of any straight line inside the body is constant,
all particles forming the body move in parallel lines.

For any two particles in the body, 7p =74 +7p/4

Differentiating with respect to time,

YR =TV 4 trp/q =Ty

[ ]
Ip/p = 0

Magnitude constant since A,
B belong to same rigid body

Ve ~ V4
All particles have the same velocity.

Differentiating with respect to time again,

dp —dy
All particles have the same acceleration.
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VB V4 aAp = ay

When a rigid body 1s in translation, all the points of the body
have the same velocity and same acceleration at any given instant

In curvilinear translation, the velocity and acceleration change in
direction and 1n magnitude at every instant; In rectilinear
translation, velocity, acceleration direction are same during entire
motion
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(2) Rotation About a Fixed Axis: Velocity & Acceleration

Consider rotation of rigid body about a fixed
axis AA’

The length As of the arc described by P when the
body rotates through A8,

As = (BP)AO = (rsin §)A6

V= ds _ = lim (rsin ¢)— = r<9.sm¢

dt  Ar—0

Vector direction along the rotatlon axis
AA’, angular velocity, ok = 0k
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 Differentiating to determine the acceleration,

Y- (wxr)

dt dt
do dr

=—Xr+wXxX—

dt dt

dw
=—Xr+wXy

dt

|

Angular acceleration, a

a=0axr+wx(mwxr)

l l

Tangential Radial
acceleration acceleration
component  component
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Equations Defining the Rotation of a Rigid Body About a Fixed Axis

do do
0 =— or dt = —
dt 2 v = dx/dt
do d*0 do a = d2x/de2
t dt do a = v (dv/dx)
Uniform Rotation, o = 0:
Equns. Can be used only  |:
0 = 90 + ot when o = 0 & constant X=X, T vt
Uniformly Accelerated Rotation, oo = constant:
w =wyt+taoa !
5 V=v,Tat
_ 1 |
0 —6’0-|—a)0t-|—50£t [ X=X, Fvt+ sat?
0w’ =wi+2a(0-6)) | V=V T 28 (x-Xy)
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The rectangular block shown rotates about the diagonal
OA with a constant angular velocity of 6.76 rad/s.
Knowing that the rotation 1s counterclockwise as viewed
from A, determine the velocity and acceleration of point
B at the instant shown.

log = J(127) +(792)° + (305) =858 m

Angular velocity.
o="2r =20127i + 792j + 305K)
o 858
@ = (1.0 rad/s)i + (624 rad/s )j + (2.4 rad/s )k
Velocity of point B.

VB = w x Rg,g = (i + 6.24j + 2.4 k) x (0.127i + 0.396j)
=-0.95i + 0.305j — 0.396 k m/s

Acceleration of point B.

aB =oxvB =-3.21-1.88; + 6.23k m/s?
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The assembly shown consists of two rods and a
rectangular plate BCDE which are welded together.
The assembly rotates about the axis AB with a constant
angular velocity of 10 rad/s. Knowing that the rotation
1s counterclockwise as viewed from B, determine the
velocity and acceleration of corner E.

Find 14, Tg/p
Find angular velocity vector; ® = ® (rg,4 / 15p)

) vp=W X1 2) ag =0 X vg

ve = (108D m&)i+ (2.40mis)j| | ag =-(1L52ms )i +(5.18ms”Jj + (231 ms’
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Ring B has an inner radius r2 and hangs from the
horizontal shaft A as shown. Shaft A rotates with a
constant angular velocity of 25 rad/s and no slipping
occurs. Knowing thatrl = 1.27 cm, r2 = 6.35 cm, and
r3 = 8.9 cm, determine (a) the angular velocity of ring
B, (b) the acceleration of the points of shaft A and ring
B which are in contact, (c) the magnitude of the
acceleration of a point on the outside surface of ring B.

(@) Let pomnt C be the point of contact between the shaft and the ring.

Ve = nwy = (.0127)(25) = 3175 m/s

Wy = ‘: = 3;2 = 5.0 rad's @y = 5.00 rad/s

(b) On shaft A: ay =no’ =(.0127)(25)
= 8 m/s?, a, = 26.0 ft/s?

On ring B: ay = rop = (.0635)(5.0)
= 1.58 m/s%, ag = 1.58 m/s”




(¢) Atapoint on the outside of the ring, r=r=.080m

a =105 = [-GEQ]{T’.D]E = 2225 mfs” a=2225ms*
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(3) General Plane Motion

Plane motion = Translation with A + Rotation about A

* General plane motion is neither a translation nor a rotation.

e General plane motion can be considered as the sum of a
translation and rotation.

 Displacement of particles 4, and B, to 4, and B,
can be divided into two parts:
- translation to 4, and B;
- rotation of B; about 4, to B,
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Absolute and Relative Velocity in Plane Motion

* Any plane motion can be replaced by a translation of an arbitrary reference
point A and a simultaneous rotation about A.

Ve =V4 1 VB4

VB4 = W XIp/y VB/4 =@

vp =vyt w X’”B/A

VB =Va + Vs
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Point A as reference

VB =V4 T Vg

 Assuming that the velocity v, of end 4 1s known, wish to determine the
velocity v, of end B and the angular velocity o in terms of v, /, and 0.

 The direction of v, and v, are known. Complete the velocity diagram.

V V
VB _ tan@ A= =cosd
- v low
V 4 B/ A
vg =v tand o= 24
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Point B as reference

Vjp=Vp +VMB

 Selecting point B as the reference point and solving for the velocity v, of end 4
and the angular velocity w leads to an equivalent velocity triangle.

* v, has the same magnitude but opposite sense of v;,,. The sense of the
relative velocity 1s dependent on the choice of reference point.

» Angular velocity w of the rod in its rotation about B is the same as its rotation
about 4. Angular velocity is not dependent on the choice of reference point.
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The crank AB has a constant clockwise angular
velocity of 2000 rpm.

For the crank position indicated, determine (a) the
angular velocity of the connecting rod BD, and (b)
the velocity of the piston P.

 The velocity vy is obtained from the crank rotation data.

Crank AB w5 = (2000 =y )( mmj( =L radj =209.4rad/s

min )\ 60s rev
vg =(4B)w 5 = (3in.)(209.4rad/s)  =628.3 in/s

The velocity direction is as shown.

 The direction of the absolute velocity vy is horizontal.
The direction of the relative velocity vp 5 1s
perpendicular to BD. Compute the angle between the
horizontal and the connecting rod from the law of sines.

sin40°  sin S

Connecting rod BD

, B =13.95°
81n. 31n.
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vp _ Vp/B _ 628.3in/s

sin53.95° sin50°  sin76.05°

vp =523.4in/s = 43.6ft/s vp =vp =43.6ft/s

VD/B = 4959111/8

VD/B = logp
S VD/B _ 495.9in./s
[ 8 1n.
= 62.0rad/s wgp =(62.0rad/s k
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Instantaneous Center of Rotation in Plane Motion

* Plane motion of all particles in a slab can always be
replaced by the translation of an arbitrary point 4 and a
rotation about 4 with an angular velocity that 1s
independent of the choice of 4.

* The same translational and rotational velocities at 4 are
obtained by allowing the slab to rotate with the same
angular velocity about the point C on a perpendicular to
the velocity at 4.

« The velocity of all other particles in the slab are the same
as originally defined since the angular velocity and
translational velocity at 4 are equivalent.

» As far as the velocities are concerned, the slab seems to
rotate about the instantaneous center of rotation C.
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How to obtain instantaneous center of rotation

« If the velocity at two points 4 and B are known, the
instantaneous center of rotation lies at the intersection
of the perpendiculars to the velocity vectors through A4
and B . (fig. 1)

« If the velocity vectors at 4 and B are perpendicular to
the line AB, the instantaneous center of rotation lies at
the intersection of the line 4B with the line joining the
extremities of the velocity vectors at 4 and B. (fig. 2)

« If the velocity vectors are parallel, the instantaneous
center of rotation is at infinity and the angular velocity
1s zero. (fig. 1)

« If the velocity magnitudes are equal, the instantaneous
center of rotation is at infinity and the angular velocity
1s zero. (fig. 2)
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 Instantaneous center of a slab in plane motion can be located either on slab or on
outside the slab. If on the slab, the particle ‘C’ coinciding at the center of rotation
has zero velocity at that instant. This coincidence will not happen at another time.
So velocity at time ‘t” will not be same at t+dt.

* The particle coinciding with the center of rotation changes with time and the
acceleration of the particle at the instantaneous center of rotation ‘C’ 1s not zero.

» The acceleration of the particles in the slab cannot be determined as if the slab
were simply rotating about C.

» The trace of the locus of the center of rotation on the body
1s the body centrode and in space is the space centrode.
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Same problem

The crank AB has a constant clockwise angular
velocity of 2000 rpm.

For the crank position indicated, determine (a)
the angular velocity of the connecting rod BD,
and (b) the velocity of the piston P.

vB =628.3 in/s; B = 13.95°

» The instantaneous center of rotation is at the
intersection of the perpendiculars to the velocities
through B and D.

yp =40°+ 8 =53.95°
¥p =90°— 3 =76.05°

BC CD 8 1n.

sin 76.05°  sin53.95°  sin50°

BC=10.141n. CD =8.441n.
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* Determine the angular velocity about the center of
rotation based on the velocity at B.

vg =(BC)wpp
_vg  628.3in/s —
DD = e T To1am. | PBD = 62.0rad/s

 Calculate the velocity at D based on its rotation about
the instantaneous center of rotation.

vp =(CD)wgp = (8.441in.)(62.0rad/s)

vp =vp =523in,/s =43.6ft/s
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Absolute and Relative Acceleration in Plane Motion

» Absolute acceleration of a particle of the slab,

ap=aytap/y dap=aytdpy
—ayt (aB/A)n + Q’B/At)

* Relative acceleration dp, 4 associated with rotation about 4 includes
tangential and normal components,

(”B/A) =& XIpiy (aB/A )t =ra
QJB/ A) a) "B/ 4 (ﬂﬁéén)eﬁﬁ\f;\%)%anan, TG



Rate of Change of vector with respect to a Rotating Frame

 Frame OXYZ is fixed.

» Frame Oxyz rotates about fixed
axis OA with angular velocity

» Vector function O(y) varies
in direction and magnitude.

Rate of change of Q depends on frame of reference

» With respect to the rotating Oxyz frame,

0=0,i +0,j+0.k o If O were fixed W.1th1n Oxyz.the.n (Q)Oﬁygls
equivalent to velocity of a point in a rigid body

@lxyz =0, + Q; j+Ok  attached to Oxyz and

] /dt + O . dk/dt = Q x
» With respect to the fixed OXYZ frame, Q. di/dl +Qy dj/dt + Q; 0

@lxyz = Q;i + Q.y Jj+ Q.Zk +Q,di/dt +Q, dj/dt + Q. dk/dt

1 1

@lxyz = Q.xi + Q; Jj ;{r .Zk Represent velocity of particle, 2xQ
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« With respect to the fixed OXYZ frame,

0, =€), + 20

This relation 1s useful to find rate of change of Q w.r.t. fixed
frame of reference OXYZ when Q 1s defined by its components
along the rotating frame Oxyz
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Coriolis Acceleration

* Frame OXY i1s fixed and frame Oxy rotates with angular
velocity Q).

* Position vector 7, for the particle P is the same in both
frames but the rate of change depends on the choice of
frame.

» The absolute velocity of the particle Pis, Vp = (F.)OXY =Qxr+ (;)Oxy

» The absolute acceleration of the particle P is,

ap — \./ = Qxr + QXf + d/dt [(})Oxy]

but, (F)OXY = QXF"’@)Oxy
VP:(;)OXY:QX’”“G’)OW d[(?) ] @

dt )Oxy T Q X ( )Oxy

=QOxr +RQaxegi(Naxayapah, TS x (})Oxy + (r50XY




ap:éxr+QX(er)+20X(.r)0xy+(rjoxy

l

Coriolis
acceleration, a,

1

a=0adxr+wx(oxr)

Two vectors are normal to each other, 2Qv,, o
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Disk D of the Geneva mechanism rotates with

constant counterclockwise angular velocity @, =
10 rad/s.

At the instant when ¢ = 150°, determine (a) the
angular velocity of disk S, and (b) the velocity of
pin P relative to disk S.

From the law of cosines,

72 =R*+1> —2RIcos30°=0.551R>  r=37.1mm

From the law of sine,
sinf _sin 30 sin 3 = sin 30 B =42.4°
R r 0.742

* Magnitude and direction of absolute velocity of pin P are
calculated from radius and angular velocity of disk D.

vp = Rwp = (50 mm )10 ragy/glme3A0@EAhan, ITG



» The absolute velocity of the point P may be written as
Vp — (;)OXY =Qxr+ (;)Oxy

VAR,

% v Ty
P P P/S

The interior angle of the vector triangle is
y =90°-424°-30°=17.6°

vpr = vpsiny = (500mm/s)sin17.6° =151.2mm/s

- _151.2mm/s
=ray Wy = 37 1 mm o, = 4.08rad/s>

Vpjg =VpCOSy = (500m/s)cos17.6°

vpis =(@77m/s)  424° 7

Coriolis acceleration, ac =2 w, v, = 2 (4.08) (477) = 3890 mm/s?

p/s
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